Abstract. Lattice-theoretic ideals have been used to define and generate non granular rough approximations over general approximation spaces over the last few years by few authors. The goal of these studies, in relation based rough sets, have been to obtain nice properties comparable to those of classical rough approximations. In this research paper, these ideas are generalized in a severe way by the present author and associated semantic features are investigated by her. Granules are used in the construction of approximations in implicit ways and so a concept of co-granularity is introduced. Knowledge interpretation associable with the approaches is also investigated. This research will be of relevance for a number of logico-algebraic approaches to rough sets that proceed from point-wise definitions of approximations and also for using alternative approximations in spatial mereological contexts involving actual contact relations. The antichain based semantics invented in earlier papers by the present author also applies to the contexts considered.
Introduction
In general rough set theory that specifically targets information systems as the object of study, approximations are defined relative to information systems and rough objects of various kinds are studied [1, 2, 3] . These approximations may be defined relative to some concept of granules or they may be defined without direct reference to any concept of granules or granulations. The corresponding approximations are in general not equivalent. Among the latter class, few new approximations have been studied in [4, 5, 6] over general approximation spaces of the form (X, R) with X being a set and R being at least a reflexive relation. In these approximations, a point is in an approximation of a subset of X if it satisfies a condition that involves lattice ideals of the Boolean power set lattice. The formalism in the overview paper [6] makes use of a more laborious formalism -but is essentially equivalent to what has been stated in the last sentence. The significance of the obtained results and potential application contexts are not explored in the three papers mentioned [4, 5, 6] in sufficient detail and many open problems remain hidden.
In this research paper, a definition of co-granularity of approximations is introduced, the methodology is generalized to specific modifications of granular operator spaces [7, 8] (called co-granular operator spaces) and in particular to lattices generated by collections of sets and lattice ideals, connections with general approximation spaces (or adjacency spaces) are dropped, connections with granular operator spaces are established, issues in possible semantics of the generalized approach are computed, knowledge interpretation in the contexts are proposed, meaningful examples are constructed,ideal based rough approximations are shown to be natural in spatial mereological contexts and related problems are posed. One meaning that stands out in all this is that if a property has little to do with what something is not, then that something has the property in an approximate sense. This idea might work in some contexts -the developed/invented formalisms suggest some restrictions on possible contexts.
Ideals and filters have been used by the present author in algebraic semantics of general rough sets in some of her earlier papers like [9, 1, 10, 11] . Concepts of rough ideals have also been studied by different authors in specific algebras (see for example [12, 13] )-these studies involve the use of rough concepts within algebras. The methodology of the present paper does not correspond to those used in the mentioned papers in a direct way.
In the next section, some of the essential background is mentioned. In the third section, generalized set theoretic frameworks are introduced and properties of approximations are proved. In the following section, co-granular operator spaces are defined and studied. In the fifth section, the meaning of the approximations and generalizations are explained for the first time and both abstract and concrete examples are constructed. Mereotopological approximations are invented/developed over very recent work on actual contact algebras in the sixth section.
Background
By an Information System I, is meant a tuple of the form I = O, At, {V a : a ∈ At}, {f a : a ∈ At} with O, At and V a being respectively sets of Objects, Attributes and Values respectively. In general the valuation has the form f a : O −→ ℘(V ), where V = V a (as in indeterminate information systems). These can be used to generate various types of relational, covering or relator spaces which in turn relate to approximations of different types and form a substantial part of the problems encountered in general rough set theories. One way of defining an indiscernibility relation σ is as below: For x, y ∈ O and B ⊆ At, (x, y) ∈ σ if and only if (∀a ∈ B) ν(a, x) = ν(a, y). In this case σ is an equivalence relation. Lower and upper approximations, rough equalities are defined over it and topological algebraic semantics can be formulated over roughly equivalent objects (or subsets of attributes) through extra operations. Duality theorems, proved for pre-rough algebras defined in [14] , are specifically for structures relation isomorphic to the approximation space (O, σ). This is also true of the representation results in [15, 16, 17] . But these are not for information systems -optimal concepts of isomorphic information systems are considered by the present author in a forthcoming paper.
In fact in [15] , it has been proved by the present author that Theorem 1. For every super rough algebra S, there exists an approximation space X such that the super rough set algebra generated by X is isomorphic to S.
The concept of inverse problem was introduced by the present author in [15] and was subsequently refined in [1] . In simple terms, the problem is a generalization of the duality problem which may be obtained by replacing the semantic structures with parts thereof. Thus the goal of the problem is to fit a given set of approximations and some semantics to a suitable rough process originating from an information system. From the practical perspective, a few (as opposed to one) theoretical frameworks may be suitable for formulating the problem itself. The theorem mentioned above is an example of a solution of the inverse problem in the associated context.
The definition of approximations maybe granular, point wise, abstract or otherwise. In simple terms, granules are the subsets (or objects) that generate approximations and granulations are the collections of all such granules in the context. For more details see [1, 18] . In this paper a variation of generalized granular operator spaces, introduced and studied by the present author in [7, 8] , will serve as the main framework for most considerations. For reference, related definitions are mentioned below. Definition 1. A Granular Operator Space [7] GOS S is a structure of the form S = S, G, l, u with S being a set, G an admissible granulation(defined below) over S and l, u being operators : ℘(S) −→ ℘(S) (℘(S) denotes the power set of S) satisfying the following (S is replaced with S if clear from the context. Lower and upper case alphabets may denote subsets ):
In the context of this definition, Admissible Granulations are granulations G that satisfy the following three conditions (t is a term operation formed from the set operations ∪, ∩, c , 1, ∅):
The concept of admissible granulation was defined for rough Y-systems RYS (a more general framework due to the present author in [1] ) using parthoods instead of set inclusion and relative to RYS, P =⊆, P =⊂ in granular operator spaces [7] . The concept of generalized granular operator spaces has been introduced in [8] by the present author as a proper generalization of that of granular operator spaces. The main difference is in the replacement of ⊂ by arbitrary part of (P) relations in the axioms of admissible granules and inclusion of P in the signature of the structure.
Definition 2.
A General Granular Operator Space (GSP) S is a structure of the form S = S, G, l, u, P with S being a set, G an admissible granulation(defined below) over S, l, u being operators : ℘(S) −→ ℘(S) and P being a definable binary generalized transitive predicate (for parthood) on ℘(S) satisfying the same conditions as in Def.1 except for those on admissible granulations (Generalized transitivity can be any proper nontrivial generalization of parthood (see [11] ). P is proper parthood (defined via Pab iff Pab & ¬Pba) and t is a term operation formed from set operations on the powerset ℘(S)):
(∀x∃y 1 , . . . y r ∈ G) t(y 1 , y 2 , . . . y r ) = x l and (∀x) (∃y 1 , . . . y r ∈ G) t(y 1 , y 2 , . . . y r ) = x u , (Weak RA, WRA)
There are ways of defining rough approximations that do not fit into the above frameworks and the present paper is mainly about specific such cases.
Ideals on Posets
is a subset of L that satisfies the following (≤ is assumed to the definable lattice order on L):
An ideal P in a lattice L is prime if and only if (∀a, b)(a ∧ b ∈ P −→ a ∈ P or b ∈ P ). Spec(L) shall denote the set of all prime ideals. Maximal lattice filters are the same as ultrafilters. In Boolean algebras, any filter F that satisfies (∀a)a ∈ F or a c ∈ F is an ultra filter. Chains are subsets of a poset in which any two elements are comparable, while antichains are subsets of a poset in which no two distinct elements are comparable. Singletons are both chains and antichains.
Ideal Based Framework
The approximations in [6] are more general than the ones introduced and studied in [4, 5] . A complete reformulation of the main definition and approximation is presented in this subsection. These approximations are not granular in any obvious way and need not fit into generalized granular operator spaces.
Definition 3.
• Let X, R be a general approximation space with X being a set and R being a reflexive binary relation on X, • ℘(X), ∪, ∩, ∅, X be the Boolean lattice on the power set of X. Any lattice ideal in the Boolean lattice would be referred to as an ideal and the collection of all ideals would be denoted by I(X) (this is algebraic distributive lattice ordered and the implicit σ used is the Boolean order ⊆ ) and I a fixed ideal in it.
The approximations have properties similar to those of approximations in classical rough set theory using the point wise definition of approximations. This is mainly due to the nature of the sets of the form < a >.
Theorem 2. All of the following hold for any subset A, B ⊆ X in the context of the above definition:
Set-Theoretic Generalization of Ideal-Based Framework
Set theoretic generalizations of the approach in [4, 5, 6] are proposed in this section by the present author. If R is a binary relation on a set S, then for any x ∈ S, the successor neighborhood
Definition 4.
• Let X, R be a general approximation space with X being a set and R being a reflexive binary relation on X, • X be a distributive lattice (a ring of subsets of X). Let I(X) be the lattice of lattice ideals of X and I ∈ I(X)
is replaced by Spec(X) in the last two statements, then the resulting lower and upper approximations will be denoted respectively by l p and u p . The approximations will be referred to as Distributive set approximations by ideals (IAD approximations). If in the second condition if X is an algebra of subsets of X instead, then the definitions of the approximations can be improved as below:
These approximations will be referred to as Set difference approximations by ideals (IASD approximations).
When the ideals refer to a ring of subsets, the operations used in the definition of IAD approximations refer to an algebra of sets over X. IASD approximations are better behaved. Proposition 1. In the above, all of the following hold:
• If τ ab if and only a ∈< b > then τ is a reflexive, transitive and weakly antisymmetric relation in the sense, if τ ab & τ ba then < a >=< b >.
Theorem 3. The IAD approximations are well defined and satisfy all of the following for any subsets A and B:
and so < x > ∩B c ∈ I(X) and x ∈ B l k .
•
c ∈ I and x ∈ A ∩ B if and only if (< x > ∩A c ∈ I and < x > ∩B c ∈ I and x ∈ A ∩ B So (A ∩ B)
l k if and only if < x > ∩(A ∪ B) c ∈ I and x ∈ A ∪ B if and only if
Actually full complementation can be omitted and replaced with set difference. This way the approximations can be defined on subsets of the powerset.
Theorem 4. The IASD approximations are well defined and satisfy all of the following for any subsets A and B in X :
Proof. The proof is similar to that of the previous theorem. Relative complementation suffices. ⊓ ⊔ Remark 1. The main advantages of the generalization are that knowledge of complementation is not required in construction of the IASD approximations, a potentially restricted collection of ideals is usable in the definition of approximations and this in turn improves computational efficiency.
Co-Granular Operator Spaces By Ideals
Given a binary relation on a set it is possible to regard specific subsets of the set as generalized ideals relative to the relation in question. The original motivations for the approach relate to the strategies for generalizing the concept of lattice ideal to partially ordered sets (see [19, 20, 21] ). It is also possible to use a binary relation on the power set to form generalized ideals consisting of some subsets of the set. Both approaches are apparently compatible with the methods used for defining approximations by ideals.
In this section the two possibilities are examined and generalizations called co-granular operator spaces by ideals and higher co-granular operator spaces are proposed.
Definition 5. Let H be a set and σ a binary relation on H (that is σ ⊆ H 2 ) then
• The Principal Up-set generated by a, b ∈ H shall be the set
• The Principal Down-set generated by a, b ∈ H shall be the set
• F ⊂ H is a σ-filter if and only if
• The set of σ-ideals and σ-filters will respectively be denoted by I(H) and F (H) respectively. These are all partially ordered by the set inclusion order.
If the intersection of all σ-ideals containing a subset B ⊂ H is an σ-ideal, then it will be called the σ-ideal generated by B and denoted by B . The collection of all principal σ-ideals will be denoted by I p (H). If x exists for every x ∈ H, then H is said to be σ-principal (principal for short).
• A σ-ideal K will be said to be prime if and only if
The dual concept for filters can also be defined.
• A subset B ⊆ H will be said to be σ-convex if and only if
Proposition 2. All of the following hold in the context of the above definition:
• All σ-ideals are σ-convex and U-directed.
• If H is σ-directed, then all σ-ideals are σ-directed subsets.
• Every σ-ideal is contained in a maximal σ-ideal.
• If H is L-directed, K is a prime ideal and for
• If a , b ∈ I p (H) and τ (σ)ab (τ (σ) being the transitive completion of σ), then a ⊆ b .
Proof. The proofs are not too complex and may be found in [19] Proposition 3. Neighborhoods generated by points relate to bound operators ac-
Remark 2. The connection between the two is relevant when σ is used for generating ideals and also for the neighborhoods. There are no instances of such usage in the literature as of this writing and is an open area for further investigation.
Definition 6. In the context of Def.5, σ will be said to be supremal if and only if
Theorem 5. All of the following hold:
• Anti symmetrical relations are uniquely supremal.
• σ-ideals are closed under supremal relations.
• If σ is supremal then K exists for all nonempty subsets K ⊆ H in (H, σ) and is principal.
• If σ is supremal and (I(H), ⊆) has a least element, then it is an algebraic lattice and the finitely generated σ-ideals are its compact elements.
• If σ is supremal, let L, λ,π, Σ : ℘(H) \ {∅} −→ ℘(H) be maps such that for any ∅ = X ⊆ H,
and (I(H), ⊆) is a chain.
• S is principal and for each a ∈ S, a = {b; σba} if and only if σ is a quasi order.
The above results mean that very few assumptions on σ suffice for reasonable properties on I(H).
Definition 7. By a neighborhood granulation G on a set S will be meant a subset of the power set ℘(S) for which there exists a map γ : S −→ G such that
Definition 8. By a Co-Granular Operator Space By Ideals GOSI will be meant a structure of the form S = S, σ, G, l * , u * with S being a set, σ being a binary relation on S, G a neighborhood granulation over S and l * , u * being *-lower and *-upper approximation operators : ℘(S) −→ ℘(S) (℘(S) denotes the power set of S) defined as below (S is replaced with S if clear from the context. Lower and upper case alphabets may denote subsets ):
In general, if rough approximations are defined by expressions of the form X ⊕ = {a : γ(a) ⊙ X * ∈ J } with ⊕ ∈ {l, u}, G ⊂ ℘(S), γ : S −→ G being a map, * ∈ {c, 1} and ⊙ ∈ {∩, ∪} , then the approximation will be said to be co-granular.
The definition of co-granularity can be improved/generalized in a first order language with quantifiers.
Definition 9. By a Higher Co-Granular Operator Space By Ideals GOSIH will be meant a structure of the form S = S, σ, G, l o , u o with S being a set, σ being a binary relation on the powerset ℘(S), G a neighborhood granulation over S and For a fixed I ∈ I σ (℘(S)) (Ideal)
Theorem 6. All of the following hold in a GOSI S:
Remark 3. The proof of the above theorem is direct. Monotonicity of the approximations need not hold in general. This is because the choice of parthood is not sufficiently coherent with σ in general. A sufficient condition can be that σ-ideals be generated by σ that are at least quasi orders.
Proposition 4. In a GOSI S all of the following hold:
• The granulation is not admissible • The approximations l * , u * are not granular Proof. It is clear that both the lower and upper co-granular approximations are not representable in terms of granules using set operations alone on ℘(S). So weak representability (WRA) fails.
⊓ ⊔
The properties of approximations in a GOSIH depend on those of the ideal and the granulation operator γ. This is reflected in the next theorem:
• σ is a quasi order and • (∀a)a ∈ γ(a) then all of the following hold:
Proof. Some parts are proved below:
• Monotonicity happens because the σ-ideals behave reasonably well. If A ⊂ B, then for any z ∈ A lo , it is necessary that γ(z) ∩ B c ⊆ γ(z) ∩ A c . This ensures that A lo ⊆ B lo . Again for the upper approximation, If A ⊂ B and z ∈ A uo , γ(z) ∩ A / ∈ I holds. As then γ(z) ∩ A ⊆ γ(z) ∩ B, it follows that γ(z) ∩ B / ∈ I. This ensures A uo ⊆ B uo .
• For proving (∀A ∈ I) A uo = A, note that if z ∈ A uo then it is necessary that γ(z) ∩ A / ∈ I or z ∈ A. It is not possible that γ(z) ∩ A / ∈ I as A is in I. So A uo = A.
• Again, if z ∈ A and γ(z) ∩ A c ∈ I and A c ∈ I, then z ∈ A and z ∈ A lo . This yields A = A lo .
All this shows that the ideal based approach works due to the properties of the ideals. Quotients of the equivalence ≈ l,u will be referred to as rough objects.
Theorem 8. The antichain based semantics of [8, 7] applies to all of GOSI and GOSIH contexts with corresponding concepts of rough equalities.
The proof consists in adapting the entire process of the semantics in the papers to the context. Granularity of approximations is not essential for this. More details will appear in a separate paper.
Meanings of Generalization and Parallel Rough Universes
The generalizations of the classical definition of approximations derived from approximation spaces and general approximation spaces using ideals differ substantially from those that have been introduced in this research paper. Both possible meanings and properties differ substantially in a perspective that is formulated below. An extended example is also used to illustrate some of the concepts introduced in this paper. In all algebras of arbitrary finite type, ideals can be viewed in second order perspectives as subsets satisfying closure and absorption conditions. Ideals can be described through first order conditions [22] in some universal algebras with distinguished element 0 (that are ideal determined ). In the latter case every ideal is always the 0-class of a congruence. In both cases, ideals behave like higher order zeros.
The following implication holds always in a GOSI for a point x ∈ S, A ⊆ S and K being an ideal:
The same idea essentially extends to GOSIH where it is also possible to regard subsets of ideals as essential zeros. But a subset of an ideal need not behave like a generalized zero in general. This statement is opposed to the subset is part of a generalized zero. But if every subset is contained in a minimal ideal, the restriction becomes redundant. In the absence of any contamination avoidance related impositions, the latter statement is justified only under additional conditions like the subset is part of a specific generalized zero. All this is behind the motivation for the definition of GOSIH. In the relational approximation contexts of [4, 5, 6] , subsets of generalized zeros are generalized zeros. Apart from wide differences in properties, major differences exist on the nature of ideals. Therefore if a property has little to do (in a structured way) with what something is not, then that something has the property in an approximate sense. The idea of little to do with or set no value of relative operations is intended to be captured by concepts of ideals.
If σ-ideals are seen as essentially empty sets, then they have a hierarchy of their own and function like definite entities. The σ-ideals under some weak conditions permit the following association. If A is a subset then it is included in the smallest σ-ideal containing it and a set of maximal σ-ideals contained in it. These may be seen as a representation of rough objects of a parallel universe.
This motivates the following definition:
Definition 11. In a GOSI S = S, σ, G, l, u in which σ is supremal every subset A ⊆ S can be associated with a set of maximal σ-ideals (µ(A)) contained in S and least σ-ideal Υ (A) containing it. These will be termed parallel rough approximations and pairs of the form (a, b) (with a ∈ µ(A) and b = Υ (A)) will be referred to as parallel rough objects. Elements of µ(A) will be referred to as lower parallel approximation and Υ (A) as the upper parallel approximation.
The lower parallel approximations can be useful for improving the concept of GOSI with additional approximations because they refer to inclusion of worthless things. This is done next.
Definition 12. In a GOSI S with supremal σ, for any subset A ⊆ S, the strong lower and strong upper approximations will be as follows:
Proposition 5. In a GOSI S, for any A ⊆ S, the following hold:
The converse is also true. A u * = A us follows from this.
Often it can happen that objects/entities possessing some set of properties are not favored by objects/entities having some other set of properties. This meta phenomena suggests that anti chains on the collection of σ-ideals can help in associated exclusions and inclusions.
Definition 13. In a GOSI S, let O be an antichain in I σ (S) and O + = {B :
For any subset X ⊆ S, the a-lower and a-upper approximations will be as follows:
The resulting GOSIS of this form will be referred to as a GOSIS induced by the antichain O.
Proposition 6. In a GOSI S, for any X ⊆ S and nontrivial antichain A, the following hold:
Abstract Examples
Let S = {a, b, c, e, f, g}, and σ = {(a, c), (a, e), (b, c), (b, e), (c, c), (c, b), (e, a), (f, f )} be a binary relation on it. It is a not symmetric, transitive or reflexive. In Table 1 , the computed values of the set of upper bounds, lower bounds, and neighborhoods are presented. * in the last two rows refers to any element from the subset {a, b, c, e}. Values of the form U (x, x) and L(x, x) have been kept in Table 2 because they correspond to values of neighborhoods of σ.
In Table 2 , Given the above information, it can be deduced that Proposition 7. In the context, the nontrivial σ-ideals are I 1 = {a, b, e, c} and
If a co-granulation is defined as per γ(a) = {b}, γ(b) = {g}, γ(c) = {c, a}, γ(e) = {e}, γ(f ) = {f }, γ(g) = {g, b, c}, then the GOSI approximations of the set A = {a, b} can be computed to be A l * = {b} and A u * = {a, b, c, g}. For distinct lattice ideals many approximations of A by l k and u k can be computed.
GOSIH related computations of approximations are bound to be cumbersome even for four element sets and so have been omitted.
Example: On Dating
Dating contexts can involve a huge number of variables and features. Expression of these depend substantially on the level of inclusion of diverse genders and sexualities in the actual context. A person's choice of pool of potential dates depends on factors including the person's sexuality.
People may decide on their potential dating pool by excluding parts of the whole pool and focusing on specific subsets. The operation of excluding parts of the pool often happens as a multi stage process involving progressive additions to desired features or confirmation of undesired features. This means that a person's construction of relative dating pools must be happening through rough approximations based on ideals. An ideal can include a number of features, but in general it can be impossible to collect all undesired features in a single ideal as then it would not correspond to anything remotely actualizable.
Typically actualizability depends on the reasoning strategies adopted by the person in question. It is not that everybody thinks in terms of concrete people with undesirable features and people with analogous features -abstraction can be in terms of feature sets. For example, some lesbian women prefer femme women. But concepts of femme and variants are very subjective in nature. Instances of such classification (or actualization) may depend on exclusion of many features like muscular build, but some features like tattoos may be desirable/optional. These kind of features may be in the general ideal in question.
Mereotopology and Approximations
In spatial mereology, spatial regions are associated with elements of a distributive lattice or a Boolean algebra and which in turn are intended to represent collections of regions with operations of aggregation and commonality. Over these binary contact relations C can be defined over them to represent instances of two regions sharing at least one point. Various constructions in the subfield are suited for the ideal based approach to rough approximations. In this section, some of the basic aspects and recent results are stated and connections with approximations are established. All this can be viewed as a new example for the theories invented/developed. Some concepts and recent results of spatial mereology are mentioned first (see [23] ). Definition 14. A contact relation C over a bounded distributive lattice L is a binary relation that satisfies
If L is a Boolean algebra, then (L, C) is said to be a contact algebra. If C satisfies C1 − C4 alone, then it is said to be a precontact relation and then (L, C) would be a precontact algebra.
C1 is also written as Cab −→ Ea & Eb (for contact implies existence). C5 is basically the statement that overlap implies contact Oab −→ Cab. The axioms yield C(a ∨ b)e ←→ Cae or Cbe and
When temporal aspects of variation of C are permitted, the predicate for ontological existence E that is defined via Ea if and only if 0 < a is too strong as non existence is equated with emptiness. In [24] , to handle variation of existence over time, concepts of actual existence, actual part of, actual overlap and actual contact have been proposed and developed. The actual existence predicate AE is one that satisfies
Subsets of a Boolean algebra that satisfy AE1, AE2 and AE3 are called Grills. Every grill is a union of ultrafilters or an ultra filter.
A discrete space with actual points is a pair Z = (X, X a ) with X being a nonempty set and ∅ ⊂ X a ⊂ X. For H ⊂ X, let AE Z (H) if and only if H ∩X a = ∅. If B(Z) is the Boolean algebra of all subsets over X, then (B(Z), AE Z ) would be a Boolean algebra with a predicate of actual existence. It is proved in [24] that Theorem 9. In Boolean algebras with predicate of actual existence (B, AE), there exist a discrete space Z = (X, X a ) and an isomorphic embedding h : (B(Z), AE Z ) −→ (B, AE).
On a Boolean algebra with an extra predicate for actual existence, it is possible to define the actual contact predicate or define the latter as a predicate C a that satisfies the following axioms:
It is also possible to define a unary predicate AC via AC(x) if and only if C a xx. A subset H of a contact algebra B is a clan if it is a grill that satisfies CL: (∀a, b ∈ H) Cab, while a subset H of a precontact algebra B is an actual clan if it is a grill that satisfies ACL: (∀a, b ∈ H) C a ab. Associated collections of all clans and actual clans will respectively be denoted by CL(B) and CL a (B) respectively. It can be shown that CL a (B) ⊆ CL(B) in general. If Z is the set of all ultrafilters F u (B) and R a is the canonical relation for C a defined by
The canonical relation R for C is defined in the same way. An ultra filter U is reflexive if R a U U and all reflexive ultrafilters are actual clans. R a is a nonempty, symmetric and quasi-reflexive relation while R is a reflexive and symmetric relation (Quasi reflexivity is R a be −→ R a bb). All of the following are proved in [24] :
• Every clan (resp. actual clan) is a union of nonempty sets of mutually Rrelated (resp. R a -related) ultrafilters.
• All ultrafilters contained in an actual clan are reflexive ultrafilters while any ultra filter contained in a clan is an actual clan or a non-reflexive ultra filter.
• C a be if and only if (∃G ∈ CL a (B)) b, e ∈ G.
New Approximations
All of the definitions and results in this subsection are new and differ fundamentally from the approach in [25] . If (X, X a ) is the discrete space associated with a Boolean algebra with actual contact (B, C a ) and γ : X −→ ℘(X a ) is a map then approximations in B can be defined in at least two different ways (for a fixed actual clan K ∈ CL a (B)):
The properties of these approximations depend to a substantial extent on the definition of γ used. One possibility is to use the actual-contact relation or a derived mereotopological relation. In the present author's view some meaningful phrases are the things in actual contact with, the things in contact with, the most common things that become in actual contact by, the things that become in actual contact by, and the relative wholes determined by. The first of these can be attempted with the neighborhoods generated by C a itself in the absence of additional information about the context.
One practical context where approximations of the kind can be relevant is in the study of handwriting of people. Many kinds of variations in the handwriting of people (especially of morphological subunits and their relative placement) can be found over time, location and media used.
So if γ is defined as per (∀x) γ(x) = [x] C a = {b : C a bx}, then the context becomes a specific instance of a GOSI in which the ideals are also regulated by C. If instead γ(x) =< x > holds, then it is provable that:
Theorem 10. All of the following hold (in the context of this subsection) for any two elements of the Boolean algebra with actual contact when γ(x) =< x > A la ⊆ A ⊆ A ua ; ∅ ua = ∅ = ∅ la ; X la = X = X ua (24)
A lala = A la ; A uaua = A Since the basic duality theorems for actual contact algebras (and contact algebras in particular) are in place [24] , the duality/inverse problem of such algebras enhanced with approximation operators may be solvable with ease. In the present author's opinion, the following formalism would be optimal:
Problem 1 (Inverse Problem). Given an algebraic system of the form A = B, C a , l a , u a with B, C a being an actual contact algebra and l a , u a are unary operations satisfying: 
under what additional conditions does there exist a neighborhood operator γ and an actual clan K that permit a definition of the operators l a , u a according to
Further Directions and Remarks
In this research, a relatively less explored area in the construction of point wise approximations by ideals has been investigated from new perspectives by the present author. The previously available theory has been streamlined and the meaning of approximations in the approach has been explained. A concept of co-granular approximations has been introduced to explain the generation of related approximations including the popular point wise rough approximations. Further
• the methodology is generalized to specific modifications of granular operator spaces [7, 8] (called co-granular operator spaces) and in particular to lattices generated by collections of sets and lattice ideals, • the restrictions to general approximation spaces are relaxed, • knowledge interpretation in the contexts are proposed.
• few meaningful examples and application areas have been proposed, • ideal based rough approximations are shown to be natural in spatial mereological contexts and • related inverse problems are posed.
In a forthcoming paper, the fine details of the mentioned antichain based semantics and other algebraic semantics will be considered by the present author.
